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Abstract
We show that deformed Heisenberg algebra with reflection emerging in parabosonic
constructions is also related to parafermions. This universality is discussed in differ-
ent algebraic aspects and is employed for the description of spin-j fields, anyons and
supersymmetry in 2+1 dimensions.
1 Introduction
The R-deformed Heisenberg algebra (RDHA) is given by the generators a−, a+, R, and 1
satisfying the (anti)commutation relations
[a−, a+] = 1 + νR, {a±, R} = 0, R2 = 1, [1, a±] = [1, R] = 0, (1.1)
where ν ∈ R is a deformation parameter and R is a reflection operator. It emerges in
the context of quantization schemes generalizing bosonic commutation relations as follows.
Let us consider a quantum mechanical system having the bosonic-like Hamiltonian, H =
1
2
{a+, a−}, and bosonic-like equations of motion,
1
2
[{a−, a+}, a±] = ±a±, (1.2)
and put the question: what is the most general form of commutation relations for the
operators a+ and a− which would lead to eqs. (1.2)? The answer is given by the R-deformed
Heisenberg algebra (1.1) [1, 2]. In this way, in fact, the deformed Heisenberg algebra (1.1)
was introduced by Wigner [3].
Trilinear commutation relations (1.2) characterize the parabosonic system of order p =
1, 2, . . . in the case when ν = p − 1 = 0, 1, . . . [1, 4]. Generalization of these trilinear
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commutation relations to the systems with many degrees of freedom as well as construction
of their fermionic modification lead Green and Volkov to the discovery of parafields and
parastatistics [5, 6, 7]. Recently the algebra (1.1) was rediscovered in the context of integrable
systems [8] where it was used for solving quantum mechanical Calogero model [8, 9] (see also
ref. [10]). It was also employed for bosonization of supersymmetric quantum mechanics
[11]–[14] and for describing anyons [14, 15] within the framework of the group-theoretical
approach [16]–[20].
The existence of infinite-dimensional unitary representations of algebra (1.1) on the half-
line ν > −1 and the relationship between trilinear commutation relations and R-deformed
Heisenberg algebra mean that the latter can be considered as the algebra supplying us
with some generalization of parabosons for the case of non-integer statistical parameter
p = ν + 1 > 0 [4]. But it turns out that the algebra (1.1) obtained originally by gen-
eralizing bosonic commutation relations, has also finite-dimensional representations of the
deformed (para)fermionic nature [2, 21]. Thus, the R-deformed Heisenberg algebra reveals
some properties of universality which are the subject of the present talk based on recent
papers [2, 21, 22].
2 Aspects of universality
Infinite-dimensional unitary representations of the algebra (1.1) taking place for ν > −1 can
be realized on the Fock space with complete orthonormal basis of states |n〉 = Cn(a+)n|0〉,
n = 0, 1, . . . , a−|0〉 = 0, 〈0|0〉 = 1, R|0〉 = |0〉, where Cn = ([n]ν !)−1/2, [n]ν ! = ∏nl=1[l]ν , [l]ν =
l+ 1
2
(1−(−1)l)ν. The reflection operator is realized as R = (−1)N , N = 1
2
{a+, a−}− 1
2
(ν+1),
N |n〉 = n|n〉, and introduces Z2-grading structure in the space of states, R|k〉± = ±|k〉±,
|k〉+ = |2k〉, |k〉− = |2k + 1〉, k = 0, 1, . . . . The even, ‘+’, and odd, ‘−’, subspaces are
separated by the projectors Π± = 12(1± R).
Due to the commutation relation
[a−, (a+)n] =
(
n +
1
2
(1− (−1)n)νR
)
(a+)n−1, (2.1)
at special values of the deformation parameter, ν = −(2p + 1), p = 1, 2, . . ., the relation
〈〈m|n〉〉 = 0, |n〉〉 ≡ (a+)n|0〉, holds for n ≥ 2p + 1 and arbitrary m. Therefore, there are
(2p+ 1)-dimensional irreducible representations of the algebra (1.1) with ν = −(2p+ 1), in
which the relations (a+)2p+1 = (a−)2p+1 = 0 are valid. The latter relations are a characteristic
property of parafermions of order 2p, and we arrive at the nilpotent algebra
[a−, a+] = 1− (2p+ 1)R, (a±)2p+1 = 0, {a±, R} = 0, R2 = 1, p = 1, 2, . . . . (2.2)
Operator a+ can be interpreted here as a paragrassmann variable θ, θ2p+1 = 0, whereas
operator a− can be considered as corresponding differentiation operator ∂ defined by relation
(2.1). Therefore, the algebra (1.1) at ν = −(2p + 1) can be considered as a paragrassmann
algebra of order 2p [23] with a special differentiation operator. It was called in ref. [21] the
R-paragrassmann algebra.
The finite-dimensional representations can be realized as matrix representations with
diagonal operator R = diag(+1,−1,+1, . . . ,−1,+1), and with operators a± realized
2
as (a+)ij = Ajδi−1,j, (a−)ij = Biδi+1,j, where A2k+1 = −B2k+1 =
√
2(p− k), k =
0, 1, . . . , p − 1, A2k = B2k =
√
2k, k = 1, . . . , p. Operators a+ and a− are mutually con-
jugate, (Ψ1, a
−Ψ2)∗ = (Ψ2, a+Ψ1), with respect to the indefinite scalar product
(Ψ1,Ψ2) = Ψ¯1nΨ
n
2 , Ψ¯n = Ψ
∗kηˆkn, (2.3)
where Ψn = 〈n|Ψ〉 and ηˆ = diag(1,−1,−1,+1,+1, . . . , (−1)p−1, (−1)p−1, (−1)p, (−1)p) is
indefinite metric operator.
Finite-dimensional representations of RDHA can also be described in terms of hermitian
conjugate operators f+ = a+, f− = a−R and of positive definite scalar product, 〈Ψ1,Ψ2〉 =
Ψ∗n1 Ψ
n
2 . In terms of these, nilpotent algebra (2.2) is
{f+, f−} = (2p+ 1)− R, (f±)2p+1 = 0, {R, f±} = 0, R2 = 1. (2.4)
Operators I+ = f
+, I− = f− generate a nonlinear deformation of su(2) algebra of the form
[I+, I−] = 2I3(−1)I3+p, [I3, I±] = ±I± (2.5)
involving the reflection operator R = (−1)I3+p. For p = 1 one has the relation I3(−1)I3+1 =
I3, and in this particular case the deformed su(2) algebra turns into the standard su(2).
Relations (2.5) can be presented as [2]
[[f+, f−], f±] = 2I3(2I3 ∓ 1)(−1)I3+pf± (2.6)
with I3 = C(−1)C+p, C = 12 [f+, f−], that gives a deformation of parafermionic algebra of
order 2p. At p = 1 this algebra turns into the standard parafermionic algebra of order 2.
The (anti)commutation relations (2.4), (2.5) can be presented as {f+, f−} = F (N +
1) + F (N), [f−, f+] = F (N + 1) − F (N), with function F (N) = N(−1)N + (p + 1
2
)(1 −
(−1)N), where N = I3+ p is the number operator. This means that deformed parafermionic
algebra (2.6) belongs to the class of generalized deformed parafermionic algebras introduced
by Quesne [24]. Note also that the deformed su(2) algebra (2.5) can be realized via the
generators of the standard su(2) algebra, [J+, J−] = 2J3, [J3, J±] = ±J±, taken in (2p+ 1)-
dimensional representation, J23 +
1
2
{J+, J−} = p(p+1), according to the prescription [25, 2]:
I3 = J3, I− = (I+)† = J−Φ(J3) with Φ(J3) = [2p+ 1 + (−1)N (2J3 − 1)] · [2N(p− J3 + 1)]−1.
The linear combinations of the initial creation-annihilation operators, L1 = 1√
2
(a+ + a−)
and L2 = i√
2
(a+−a−), satisfy the commutation relations [Lα,Lβ] = iǫαβ(1+νR), ǫαβ = −ǫβα,
ǫ12 = 1, and are hermitian in the case of infinite-dimensional representations and self-
conjugate with respect to the scalar product (2.3) in the case of finite dimensional rep-
resentations of RDHA. These operators together with quadratic operators Jµ, µ = 0, 1, 2,
J0 =
1
4
{a+, a−}, J1± iJ2 = J± = 12(a±)2, form the set of generators of osp(1|2) superalgebra:
{Lα,Lβ} = 4i(Jγ)αβ , [Jµ, Jν] = −iǫµνλJλ, [Jµ,Lα] = 12(γµ)αβLβ. Here γ-matrices appear
in the Majorana representation, (γ0)α
β = −(σ2)αβ, (γ1)αβ = i(σ1)αβ , (γ2)αβ = i(σ3)αβ.
Hence, Jµ are even and Lα are odd generators of the superalgebra with Jµ forming
so(2, 1) ∼ sl(2, R) subalgebra and Lα being an so(2, 1) spinor. The osp(1|2) Casimir operator
C ≡ JµJµ − i8LαLα, Jµ = ηµνJν , ηµν = diag(−,+,+), Lα = ǫαβLβ, ǫαγǫγβ = −δβα, takes the
fixed value C = 1
16
(1− ν2). Therefore, every infinite- or finite-dimensional representation of
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RDHA supplies us with the corresponding irreducible representation of osp(1|2) superalgebra
revealing its universality in some another but related aspect [2]. Every such representation
is reducible with respect to the action of the so(2, 1) generators Jµ: J
2 = JµJµ = −αˆ(αˆ−1),
where αˆ = 1
4
(1 + νR). Hence, Jµ act irreducibly on even, ‘+’, and odd, ‘−’, subspaces
spanned by the states |k〉+ and |k〉−, J2|k >±= −α±(α± − 1)|k >±, where α+ = 14(1 + ν),
α− = α+ + 1/2 and J0|k >±= (α± + k)|k >±, k = 0, 1, . . . . For infinite-dimensional rep-
resentations of RDHA (ν > −1), this gives the direct sum of infinite-dimensional unitary
irreducible representations of sl(2, R), D+α+ ⊕ D+α−, being half-bounded representations of
the discrete series characterized by parameters α+ > 0 and α− > 1/2 [26]. In the case of
finite-dimensional representations of RDHA one gets J2|l >±= −j±(j± + 1)|l >±, j+ = p/2,
j− = (p− 1)/2, where l = 0, 1, . . . , p for |l >+ and l = 0, 1 . . . , p− 1 for |l >−. Thus, we have
the direct sum of spin-j+ and spin-j− finite-dimensional representations with so(2, 1) spin
parameter shifted in 1/2, where the operator J0 has the spectra j0 = (−j+,−j+ + 1, . . . , j+)
and j0 = (−j−,−j− + 1, . . . , j−) [21].
The described osp(1|2) superalgebraic construction can be extended to the OSp(2|2) su-
persymmetry. Indeed, defining the operators ∆ = −1
2
(R+ ν) and Q+ = a+Π−, Q− = a−Π+,
S+ = a+Π+, S
− = a−Π−, we find that operators Jµ and ∆ are even generators of
osp(2|2) superalgebra, forming its sl(2, R) × u(1) subalgebra, whereas Q± and S± are its
odd generators [14, 21]. In terms of the latter, osp(1|2) odd generators are presented as
L1 = 1√
2
(Q+ +Q− + S+ + S−), L2 = i√
2
(Q+ −Q− + S+ − S−). This more broad OSp(2|2)
supersymmetry was revealed in ref. [14] as a dynamical symmetry of bosonized supersym-
metric quantum mechanical 2-body Calogero model. Let us also note that the pair of odd
generators Q+ and Q− together with even generator H+ = 2J0 +∆ form s(2) superalgebra,
Q±2 = 0, {Q+, Q−} = H+, [Q±, H+] = 0, whereas S+ and S− are odd generators of s(2)
superalgebra with even generator H− = 2J0 − ∆. This latter observation [11, 12] was a
starting point for bosonization of Witten supersymmetric quantum mechanics [27] realized
in ref. [13].
To conclude the discussion of the formal algebraic aspects, let us note that RDHA can
be presented in the form related to the generalized statistics [28]. To this end, let us define
the operators c− = a−G−1/2ν (R), c
+ = G−1/2ν (R)a
+, where Gν(R) = |1 − νR|, ν 6= 1. They
give the normalized form of the RDHA [21], c−c+− gνc+c− = 1, with gν = (1− ν)R(1+ ν)−R
in the case −1 < ν < 1, or c−c+ − gνc+c− = R with gν = (ν − 1)R(1 + ν)−R for ν > 1 and
gν = p
R(1 + p)−R for ν = −(2p + 1) (cp. with guon commutation relations [28]). The limit
|ν| → ∞ in both cases ν > 1 and ν = −(2p + 1) leads to the algebra
c−c+ − c+c− = R, {R, c±} = 0, R2 = 1. (2.7)
This algebra has two-dimensional irreducible representation with reflection operator realized
as R = 1−2c+c− that reduces eqs. (2.7) to the standard fermionic anticommutation relations,
{c+, c−} = 1, c±2 = 0. Therefore, the fermionic algebra can be obtained as a limit case
of RDHA. The commutation relations (2.7) can be generalized to the algebra with phase
operator [21],
[a, a¯] = R, Rp = 1, Ra = qaR, Ra¯ = q−1a¯R, (2.8)
where q = e−i2pi/p, p = 2, 3, . . .. Via the transformation c = q−1/2aR−1/2, c¯ = q−1/2R−1/2a¯,
the algebra (2.8) can be related to the q-deformed Heisenberg algebra cc¯− qc¯c = 1 [29] with
deformation parameter q being the primitive root of unity.
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3 Universal spinor set of field equations and 3D SUSY
Now we turn to some applications of the RDHA algebra [21, 22]. Namely, we shall employ the
described infinite- and finite-dimensional representations for the construction of the universal
minimal set of linear differential equations describing either ordinary integer and half-integer
(2 + 1)-dimensional spin-j fields or anyons. We shall also generalize the construction for the
case of some 3D SUSY field systems and find the corresponding field actions.
So, let us introduce the field Ψ = Ψn(x) carrying some irreducible representation
of RDHA. The corresponding total angular momentum operator has the form Mµ =
−ǫµνλxνP λ + Jµ, Pµ = −i∂µ, and generates Lorentz transformations, Ψ(x) → Ψ′(x′) =
exp(iMµωµ)Ψ(x), which are specified by parameters ωµ. In the chosen fixed representation
of RDHA we introduce the self-conjugate spinor operator
Qα = Q†α = RPα + ǫmLα (3.1)
with ǫ = ±, Pα = (Pγ)αβLβ and m a mass parameter. Now we postulate the covariant set
of field equations,
QαΨ = 0. (3.2)
To clarify the physical content of the field Ψ subject to eq. (3.2), we decompose it into
irreducible sl(2, R) components Ψ±, Ψ = Ψ+ + Ψ−, RΨ± = ±Ψ±. As a consequence of the
equations (3.2) and the (anti)commutation relations
{Qα,Qβ} = 4i(P 2 +m2)(Jγ)αβ − 8i(∆+Π+ +∆−Π−)(Pγ)αβ,
[Qα,Qβ] = −(QρQρ)ǫαβ , QρQρ = i(P 2 +m2)(1 + νR) + 8iǫm(∆+Π+ −∆−Π−),
∆± = PJ − ǫm14(ν ± 1), we find that Ψ− = 0, whereas ‘even’ component Ψ+ satisfies Klein-
Gordon, (P 2 +m2)Ψ+ = 0, and spin, (PJ − s+m)Ψ = 0, equations, where the spin value is
defined by the deformation parameter corresponding to the chosen irreducible representation
of RDHA, s+ = ǫ
1
4
(1+ν). Hence, the spinor set of equations (3.2) describes ordinary integer,
s+ = −ǫk, or half-integer, s− = −ǫ(k + 1/2), spin fields under the choice of ν = −(4k + 1),
k = 1, 2, . . . , and ν = −(4k + 3), k = 0, 1, . . . , respectively. On the other hand, in the case
of infinite-dimensional representations (ν > −1), the basic equations describe the fields with
arbitrary value of spin s+ ∈ R, s+ 6= 0. In this case the spin equation, (PJ − s+m)Ψ = 0,
is the (2+1)-dimensional analog of the Majorana equation [18, 30], whereas the basic spinor
set of equations (3.2) is some analog of the 4D Dirac positive-energy set of linear differential
equations [31].
Therefore, the R-deformed Heisenberg algebra gives a possibility to construct a universal
minimal spinor set of linear differential equations (3.1), (3.2) describing spin-j fields and
anyons [22].
As we have seen, any irreducible representation of the osp(1|2) superalgebra is the direct
sum of two irreducible representations of so(2, 1) subalgebra. The latter are specified by the
parameters α+ and α−, or j+ and j− related as α−−α+ = j+− j− = 1/2. So, one can try to
modify the set of linear differential equations (3.1), (3.2) in such a way that it would have
nontrivial solutions not only in ‘+’ subspace, but also in ‘−’ subspace. If these states will
have equal mass but their spin will be shifted for ∆s = 1/2(modn), we shall have the states
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forming a supermultiplet. Such a modification can be realized, but only for two special cases
corresponding to ν = −5 and ν = −7. The reason is that the consistent system of Klein-
Gordon and spin equations cannot be obtained independently in the odd subspace. But for
those two cases one can arrive at the linear spin equation only which itself will generate the
Klein-Gordon equation. Such corresponding linear spin equation is the Dirac equation or
the equation for topologically massive vector U(1) gauge field [32]. We present here the final
result whereas the details can be found in ref. [22].
The self-conjugate spinor linear differential operator Dα = D†α generating the correspond-
ing set of equations
DαΨ = 0 (3.3)
is given by
Dα = (p− 1
2
)ǫmLα −Jα + 1
2
(1− pR)Pα, (3.4)
where p = 2, 3 correspond to ν = −5,−7. In these two cases we have supermultiplets with
spin content (s+ = ǫ, s− = 12ǫ) for ν = −5 and (s+ = 32ǫ, s− = ǫ) for ν = −7. It is interesting
to note that in both cases, p = 2, 3, the spinor supercharge operatorQα, {Qα,Dβ} ≈ 0, which
transforms the corresponding supermultiplet components, coincides with operator (3.1) taken
in 5- and 7-dimensional representations. The weak equality means that the left hand side
turns into zero on the physical subspace given by eqs. (3.3), and we have the following
typical superalgebraic relations: {Qα,Qβ} ≈ −4iǫm(p + 2)(Pγ)αβ, [Pµ,Qα] = 0. If we not
require that D†α = Dα, we shall have a possibility to get supermultiplets with the spin content
(s+ = ǫ, s− = −12ǫ) and with the spin shift |∆s| = |s+−s−| = 3/2 for ν = −5, and (s+ = 32ǫ,
s− = −ǫ) with |∆s| = 5/2 for ν = −7. The corresponding operators, having the property
D†α = Dα + Pα, are given by
Dα = −1
2
ǫmLα −Jα − 1
2
RPα, ν = −5; Dα = −1
2
ǫmLα − 1
2
Jα− 1
4
(1 +R)Pα, ν = −7.
(3.5)
Since the universal equations (3.2) as well as equations for 3D SUSY field systems (3.3) are
two equations for one multi- or infinite-component field, the corresponding actionA = ∫ Ld3x
has to contain some auxiliary fields. The Lagrangian leading to the equations (3.2) for basic
field Ψ can be chosen as [22]
L = (Ψ¯ + χ¯αQα)(Ψ +Qβχβ)− Ψ¯Ψ, (3.6)
where Ψ¯ = Ψ†, χ¯α = χ†α for ν > −1, whereas Ψ¯ = Ψ†ηˆ, χ¯α = χ†αηˆ for ν = −(2p + 1),
that guarantees the reality of the Lagrangian. Besides the basic equations (3.2), the action
leads to the equations Qαχα = 0 and is invariant with respect to the transformations χα →
χα +ΠαβΛβ, where Παβ = (QσQσ)ǫαβ −QαQβ , QαΠαβ = 0. This means that fields χα play
the role of auxiliary fields having no independent dynamics. The same equations can be
obtained also from the action with the linear form of Lagrangian,
L′ = χ¯αQαΨ+ Ψ¯Qαχα. (3.7)
The change of Qα for Dα in Lagrangians (3.6) and (3.7) will give the action functionals for
the special SUSY cases (3.4) corresponding to ν = −5 and ν = −7. For SUSY systems given
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by eq. (3.5), the corresponding quadratic and linear Lagrangians are L = (Ψ¯ + χ¯αDα)(Ψ +
D†βχβ)− Ψ¯Ψ and L′ = χ¯αDαΨ+ Ψ¯D†αχα.
The described first and second order field Lagrangians can be used as a departing point for
realization of the second quantization of the corresponding (2+1)-dimensional field systems.
This, in particular, could clarify the question on the spin-statistics relation for the described
fractional spin fields.
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